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EEEE et B Arithmetic of algebraic varieties

An algebraic variety is a set of solutions of the equation
fi(Xg, 00, X)) =+ = ft(Xq, o, X)) =0
defined by some polynomials. I am especially interested in polynomials with integer coefficients. Diophantine
problems, which have a long history, deal with integral or rational solutions for polynomial equations with
integer coefficients. Given a polynomial equation with integer coefficients as above, it is too difficult to
determine its all integral or rational solutions. Moreover, it is not known whether there exists an algorithm
to determine a given polynomial equation to have a rational solution (it is known that there does not exist
any algorithm to determine a given polynomial equation to have an INTEGER solution). So Diophantine
problems have attracted many mathematicians.

One of my research interest is quadratic forms;
a;x3 +a,x5 + -+ ayxZ = 0.

For any integral quadratic form, the local-to-global principle for the existence of rational points holds, that
is, it has a rational solution if and only if it has a real solution and the equation modulo p has a solution for
any prime number p. My interest is quadratic forms with coefficients of rational (or algebraic) functions.
This means that the quadratic form defines a quadric hypersurface bundle structure over some variety. I
study arithmetic of such quadratic forms using the theory of algebraic geometry or the algebraic theory of
quadratic forms.

Another interest is cubic forms, that is, equations defined by polynomials of degree 3. For cubic forms, the
local-to-global principle does not hold in general. A nonsingular cubic form with three variables is an elliptic
curve, for which there is a vast and beautiful theory. There is also an application to cryptography. For cubic
forms with four or more variables, it is hard to see a rational solution. Using the Brauer group of a cubic
surface, we can define an obstruction (Brauer-Manin obstruction) to the local-to-global principle for the
existence of rational points. I study rational points on cubic surfaces with no Brauer-Manin obstruction. On
the other hand, when the cubic surface has a rational point, we can study the asymptotic behavior of rational
points on the surface with respect to the height function. Other than cubic surfaces, I am interested in
rational points on Fano varieties or K3 surfaces.
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